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Abstract- -This  paper deals with a Haematopoiesis model. We establish sufficient conditions for 
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Keywords - -G loba l  attractivity, Positive equilibrium, Limiting method, Difference quations, A
Haematopoiesis model. 
1. INTRODUCTION 
The delay differential equation, 
IV (t) = -~N (t) + ~e -~g(t-~), for t _> 0, (1.1) 
was first used by Wazewska-Czyzewska and Lasota as a model for the survival of red blood cells 
in an animal in [1], see also [2]. Here, N(t) denotes the number of red blood ceils at time t, 
is the probability of death of a red blood cells, fl and 7 are positive constants related to the 
production of red blood cells per unit time and ~- is the time required to produce a red blood cell. 
Researching the behavior of the solutions of equation (1.1) and its discrete analogue was posed 
as open problems by Kocic and Ladas in [3] as well as Gyori and Ladas in [4], respectively. The 
equation with piecewise constant argument, 
IV (t) = -~N (t) + ~e -~N([*-k]), for t > 0, (1.2) 
where [.] denotes the greatest integer function, is thought as a semidiscretization of equation (1.1). 
For n < t < n + 1, (1.2) can be written as 
(t) = -aN (t) + ~e -~N¢~-k~ 
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or  
(N  (t) ' = 
Integrating (1.3) from t to n, we find 
N(t )=ea(~- t )N(n)+ ~e-~N(~-k)a (1 -ea(n- t ) )  " 
Letting t ~ (n + 1)-, we obtain 
N (n + 1) = e-~N (n) + -~e -~g(~-k) (1 - e-~).  
(1.3) 
(1.4) 
(1.5) 
REMARK. By (1.6), we get 
lim x,~ = 4. (1.12) 
= _Z (1.1a) 
C~ 
In general, (1.5) is expressed as follows with e -a, ~/~(1 -e  -s )  replaced by (1-a) ,  ~, respectively, 
and the notation N(n) = xn for n E { -k , . . . ,  0, 1, 2,... }, 
Xn+l = (1 - a) xn + fie -v~-a ,  n = O, 1,2, . . . .  (1.6) 
Consequently, in (1.6) 
a E (0, 1), fl, ~ E (0, (x~), k is nonnegative integer. (1.7) 
By the biological interpretation, (1.6) has initial condition, 
z-k,x-k+X,. . .X- I ,Xo C [0, oc). (1.8) 
Equation (1.6) is known as a discrete analogue of (1.1). Recently the global attractivity of (1.6) 
has been investigated by some authors, for example, the next results were obtained in [5,6]. 
THEOREM A. (See [5].) Assume that N is the unique positive equilibrium of equation (1.6). 
Suppose that (1.7) holds and 
~2~2 
a2 e~(Q1+9) < 1, (1.9) 
where Q1 = (fl/a)e -~/% Then, N is a global attractor of all solutions of (1.6) with (1.8). 
THEOREM B. (See [6].) Assume that (1.7) is satisfied and 
< e. (1.1o) 
O~ 
Then, the unique equilibrium N of (1.6) with (1.8) is a global attractor. 
It is clear that condition (1.10) improves (1.9). The purpose of the present paper is to im- 
prove (1.10). Our main result is the following Theorem C. 
THEOREM C. Suppose that (1.7) hold and 
~'2 (1 -  (1 - a) k+l) __ 1. (1.11) 
Then, the unique positive equilibrum 2 of (1.6) is a global attractor of all solutions of (1.6) 
with (1.8). That is, 
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If (1.10) holds,(1.13) leads to 
75:e "v~ = fl--~ < e, (1.14) 
which obviously implies 75: < 1. Then, (1.11) is clearly satisfied. However, the converse is not 
true. So, (1.11) substantially improves (1.10). 
By a solution of (1.6) with (1.8), we mean a sequence {x~} which satisfies (1.6) for n = 
0, 1, 2 , . . . ,  as well as the initial condition (1.8). A positive semicycle of a solution {xn} consists 
of a string of terms {x l ,x l+l , . . .  ,xm}, all greater than or equal to 2 (the positive equilibrium), 
with l > -k  and m _< cc and, such that 
either l = -k  or l > -k  and xl-1 < 5: 
and 
either m = co or rn < oo and Xm+ 1 < 5:. 
A negative semicycle of a solution {xn} consists of a string of terms {xl ,X l+l , . . . ,  xm}, all less 
than 5:, with 1 > -k  and m < cc and, such that 
either l = -k  or l > -k  and Xl-1 ~_ 5: 
and 
either m -- c~ or m < ov and Zm+ 1 ~> X. 
The first semicycle of a solution with starting the term x_k is positive if x -k  _> 5: and is negative 
i fx -k  <5:. 
Global attractivity of (1.1) means that the unique positive equilirum 5: of (1.1) is a global 
attractor with (1.8). That  is, 
lim xn = 5:. 
n ---4 oo 
for every solution {x~} satisfying the initial condition (1.8). 
2. PROOF OF THEOREM C 
To prove Theorem C, we first give three lemmas. 
LEMMA 1. Assume that (1.7) hold, then the following statements are true. 
(a) Every solution {x~} of (1.6) with (1.8) satisfies 
x~>0,  n=0,1 ,2 , . . . .  
(b) Equation (1.6) has the unique positive equilibrium ~ which satisfies 
~e 7~, ~ ~_~. 
o~ 
(c) lira supn_~o~ xn <_ fl/a. 
PROOF. (a) and (b) are clearly true, so we omit the proof. Now, we prove (c) holds. By (a) 
and (1.7), we have 
X~+l < (1 - a)  x~ + ft. 
Define a sequence {w~} by 
Wn+l = ( I  - a )  ~n + fl ,  
Od 0 ~ X 0 . 
Clearly, x~ _< w,~ = (1 - ~)~w0 + (fl/~)[1 - (1 - ~)'~]. Letting n --~ cc yields the desired result. 
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LEMMA 2. Let  {xn} be a solution of  (1.6) with (1.8) which is str ict ly oscil latory about  ~2. Then, 
the extreme point  in any semicycle occurs in one of  the first k + 1 terms of the semicycle. 
PROOF. We will consider only the positive semicycles. The proof for the negative semicycles i
similar and will be omitted. 
Set 
1 
xn = ~2 +-yn ,  n = -k , -k  + 1,. . . .  (2.1) 
7 
Then, {y~} is a solution of the difference quation, 
Yn+ i -- yn + o~yn + a'7"x -- a'7"xe -y ' -~  = O. (2.2) 
Let YM~ denote the extreme value in a positive semicycle of the solution of (1.6) and (1.8) with 
the smallest possible indices M~. Since YM~ >-- YM~-I, by (2.2), we obtain 
YM,-1 <-- ~/X( e-yMi- l -~ -- 1). 
Furthermore, from (2.2) and above, we find 
YM~ = (1 -- a )YM~- I  + a '~ (e -yM, - ' -k  -- 1) 
< (i- - i) + _ i) 
= (e--YMi--l-k--1)~. 
The above inequality indicates YMi - l -k  < O, which implies the consequence established. 
LEMMA 3. The following system of inequalities, 
# < e -~ - 1, 
> e -f' - I, 
where A,/z are real numbers,  have exact ly one solution A = I~ = O. 
This lemma is extracted from [7] and the proof  is omitted. 
PROOF OF THEOREM C. The proof will be accomplished by introducing the transformation (2.1) 
and then by showing that 
lim y,  = 0 (2.3) 
n- -~oo 
is true. 
We will prove that (2.3) hold in each of the following two cases. 
CASE 1. {y,~} is nonoscillatory. Let {yn} be eventually nonnegative. The case where {y~} 
is eventually nonpositive is similar and will be omitted. Assume for the sake of contradiction 
that (2.3) is not satisfied. Let # = limn--,oo supy,  > 0, then there exists a subsequence {y,~}, 
such that for 
ni :> no > 0, lim Yn~ --- t z, and Yni+l - Yn~ >- O,  for i = 1, 2, . . . .  
n- -~oo 
It follows from (2.2) that 
Yn~ ~ "YX ~-- "YY~, 
which is a contradiction, and so (2.3) holds. 
CASE 2. {Yn} oscillates about zero. 
Let {Yp,+I,Yv,+2,. . .  ,Ya,} be the ith positive semicycle of {y,} followed by the ith negative 
semicycle {Yq,+l, Yq~+2, . . . , Yq~+s}. 
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Let YM~ and y,n~ be the extreme values in these two semicycles, respectively, with smallest 
possible indices M~ and mi, then by Lemma 2, we have 
M~ - pi <: k + 1 and m~ - qi _< k + 1. (2.4) 
Let 
By (2.1) and Lemma 1, clearly, 
= lim inf Yn = lim inf Ym~, 
# = lim supyn = lim sup YM~. (2.5) 
---),2 < A < 0 < # < co. 
From (2.5) it follows that, given any s > 0, there exists n* E N, such that 
)~-s  < y,~ < #+e,  fo rn>n*-k .  
Equation (2.2) can be written in the form of 
Y,~+I - (1 - ~) Yn + a~,2 - a~,~e -~-k  = 0. (2.6) 
Multiply (2.6) by (1 - a) -'~-1 and then sum it up from n -- pi to Mi - 1. For i sufficiently large, 
we obtain 
M~-I M~-I 
(1 - ~) -~ yM, = (1 - ~) -P '  yp~ - ~ ~ (1 - ~) -~-1  + ~ ~ (1 - ~) -~-1  e-yo-~ 
r~p l  n~pl  
M i -1  
= (1 - ~) -P '  y~, - ~ ~ (1 - ~) -~-1  (1 - ~-~-~) 
r~p l  
M~-- I  
_<-~ ~ (1-~) -~-l(1-e-yo-~) 
n~pl  
M~ - 1 
< -arm(1 - e -~+~) ~ (1 - ~) - , -1  
n=pl  
: ~/~ (e -~+e-  1)[(1 -a )  -M~ - (1 -  a ) -P ' ]  . 
Consequently, 
yM~<V~2(e-X+e--i) [1--(I--c~)MI-P'] <_~/~(e-~+6--1) [ --(1--c~)k+l]. 
Using (2.5), then by e is arbitrary, this implies that 
# < ~/~(e -~-  1 ) [1 - (1 -  ~)k+l] , 
Combining this with (1.11), we find 
, < (~-~ - 1) .  (2.7) 
By the same trick as in proving (2.7), we can prove 
> (e - "  - 1). (2.8) 
We outline the proof as a modification of the proof of (2.7). Multiply (2.6) by (1 - a) -n-~ and 
then sum it up from n = qi to mi - 1. For i sufficiently large, we obtain 
(1-a)-'mym~ >_ 72(e -~-~- 1) [ (1 -a )  - '~'  - (1 -  a ) -q ' ]  . 
So, we have 
Ym, >-- "/Z (e -~-e -  1) [1 -  (1 -  a) m'-q'] >_ '~ (e -~-~- 1) [1 -  (1 -  , )k+l ]  , 
and then, the remainder of the proof of (2.7) carries over verbatim, which leads to (2.8). 
Observed (2.7) and (2.8), then by Lemma 3, (2.3) is well established. This completes the proof. 
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